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(A.9) becomes 

oo 
I,,(,r) = C~ V ~ dub ~ du~, ~ d o ( l / u  '2) 

o 

x Im { - - [1 / e ,u , ( t o ) ]Z ( ' t - -Ub ,  to) 

X Z * ( x - u I , ,  to)}, (A.10) 

where C1 = eEm2/7reo h3. Equat ion  (A.10) is a general- 
ized intensity distr ibution in the valence-loss electron 
diffraction pattern.  Now consider  a case where the 
dielectric funct ion depends  only on the electron 
energy loss, for a homogeneous  medium 

1 / e ~ , ( t o ) = [ 1 / e ( t o ,  x ) ] t ~ ( ' t - x ' ) 8 ( Z z - q , ) .  (A.11) 

Thus (A.10) becomes 

oo 
I~(z)  = (eEk~ Vs/7reov 2) ~ dto ~ dub(u~ + q2)- i  

o 

x Im [ -  1/e(to, u b ) ] l z ( , r -  Ub, to)l 2 

oo 
=(e2k2oVJ~reov2) ~ dto{(r2+ q~) - '  

o 

xlm[-1/e(~o, '~)]}®lZ( ' : ,  o~)l 2. (A.12) 

Therefore,  the diffraction pat tern is composed  of  the 
incoherent  addi t ion of  all the electrons with different 
energy losses hto and momen tum transfers,  weighted 
by the probabi l i ty  functions. For  the energy-filtered 
diffraction pat terns of  a nar row energy window,  the 
integration of  energy in (A.12) is dropped.  It is impor- 
tant  to note that  (A.12) has the same form as (10) for 
localized inelastic scattering, thus the corresponding 
T function can be readily written as (23). 
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Abstract 

The object of  this s tudy is the resolution of  a three- 
crystal difffractometer (TCD)  using perfect crystals as 
monoch roma to r  and analyser.  It relates to the reso- 

lution as a function of  the scattering vector Q. This 
informat ion is crucial for the interpretat ion of  high- 
resolution X-ray  diffraction data  obtained very close 
to reciprocal-latt ice points. In this light we present  
the experimental ly  determined resolution of  TCDs  
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using silicon 111 as well as germanium 111 and 311 
reflections, respectively. The values are compared  
with calculations based on recently published models. 

1. Introduction 

High-brilliance X-ray sources, such as rotating 
anodes, or synchrotron-radiation sources have 
opened the way to obtaining experimental resolutions 
in the range of 8q - 10 -4 A -~. These experiments were 
mostly performed with three-crystal diffractometers 
(TCDs) using perfect monoehromator and analyser 
crystals. Problems such as crystal truncation rods 
(CTRs) due to the termination of the bulk lattice by 
its surface (Robinson, 1986; Robinson, Waskiewicz, 
Tung & Bohr, 1986), Bragg-like scattering from super- 
lattices (Ryan, Hatton, Bates, Watt, Sotomeyer- 
Torres, Claxton & Roberts, 1987) or Bragg and diffuse 
scattering near phase transitions (Ryan, 1986) are 
objects of high-resolution X-ray diffraction studies. 
For the interpretation of such data it is necessary to 
know the resolution function R ( Q - Q o ) .  We choose 
the following notation in this paper. The scattering 
plane is defined by the x and y directions; z com- 
ponents of vectors are out of plane. Q = k f - k i  
denotes the momentum transfer between the wave 
vectors ki and k I of the incident and diffracted X-ray 
beams. The nominal setting of the instrument is Q0. 
The diffracted intensity I(Qo) can be obtained by a 
convolution (*) of the resolution function R(Q - Qo) 
and the scattering function S(Q): 

I ( Q o ) = R , S = ~ R ( Q - Q o ) S ( Q ) d Q .  (1) 

The deviation of Q from the nominal scattering vector 
of the instrument Qo is called AQ (Q = Qo+AQ).  

In this paper we distinguish between two different 
ranges of the resolution of a given TCD. 

1. In the central part of the resolution function, 
i.e. the region of high intensities, a Gaussian approxi- 
mation is appropriate and the resolution is character- 
ized by the full width at half-maximum (FWHM). 

2. In experiments that cover a large range of 
intensities, details of the scattering become visible, 
which include the surfaces of the crystals involved 
(later on we call this 'star-like resolution'). 

Several authors have calculated the resolution 
function for a neutron three-crystal spectrometer 
(Cooper & Nathans, 1967; Chesser & Axe, 1973; 
Grimm, 1984). In the case of an X-ray diffractometer 
using perfect monochromator and analyser crystals, 
the calculation of the resolution function is somewhat 
more complicated because dynamical scattering 
effects have to be considered. Nevertheless, the cen- 
tral part of the resolution function could be calculated 
with the help of treatments initially introduced by 
Cooper & Nathans (1967) for neutron diffraction. 
This was done by Cowley (1987), but without compar- 
ing his results with measurements. A more complex 

treatment was used by Pynn, Fujii & Shirane (1983). 
The star-like resolution was first shown by Iida & 
Kohra (1979) and later calculated by Zaumseil & 
Winter (1982). A quantitative comparison between 
measurement and calculation is still lacking, however. 

In this paper, we present the calculated and 
measured resolution function R ( Q - Q o )  for X-ray 
TCDs with perfect silicon and germanium crystals. 
The central part was calculated following the treat- 
ment of Cowley, whereas the star-like resolution was 
treated in the spirit of the procedure published by 
Zaumseil & Winter (1982). 

2. Theoretical treatment 

A thorough description of the central part of the 
resolution function R ( Q - Q o )  is given by Cowley 
(1987), the main ideas originating from Cooper & 
Nathans (1967). By considering the elastic scattering 
only and by treating the out-of-plane resolution t~qz 
as decoupled from the resolution of the TCD in the 
scattering plane, one obtains, in a Gaussian approxi- 
mation for the resolution function, 

R ( Q -  Qo) = Roexp {-0.5(Mll AQ 2 

+ 2M~2 AQx aQy + M22 AQ~)}. (2) 

AQx and AQy are the components of Q -  Qo parallel 
and perpendicular to the nominal scattering vector 
Qo within the scattering plane. Both AQx and AQy 
are functions of [Qol. The matrix elements Mo(Qo) 
can be evaluated for various diffractometer configur- 
ations and Ro is a scale factor. 

The Gaussian approximation will lead to reason- 
able results as long as the tails of the Darwin profile 
need not be taken into account. Furthermore, the 
assumption IzlOl << IQol has to be fulfilled (Cooper & 
Nathans, 1967). 

By using the same Bragg reflection for the mono- 
chromator and the analyser (here silicon 111), the 
mixed term in the exponent of (2) vanishes and the 
exponent can be seen as an equation for an ellipsoid 
transformed to main axes, 

M~AQ 2 + M22AQ 2 = 2C. (3) 

For C=constant ,  (3) describes ellipsoidal isoin- 
tensity contours. The full width at half-maximum 
(FWHM) of the intensity defines the resolution 8q. 
From (2) one obtains 8qx = (8 In 2/Mll) 1/2 (resolution 
parallel to Qo) and 8qy=(81n2/M22) 1/2 (in-plane 
resolution perpendicular to Qo). 

To interpret the measured intensity distribution for 
a wide dynamical range at a large distance from a 
reciprocal-lattice point one has to consider the 
influence of the tails of the Darwin profiles of the 
monochromator, analyser and sample-crystal reflec- 
tions. For perfect crystals, a star-like intensity 
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distribution will appear (Iida & Kohra, 1979). Apart 
from the intensity streak originating from the tails of 
the Darwin profiles of the perfect sample crystal, two 
further streaks are visible. They intersect the CTR of 
the sample with the Bragg angle ± OBragg of the investi- 
gated reflection. Note that the tails of the Darwin 
profiles and the so-called crystal truncation rods 
(CTRs), introduced by Robinson (1986), are only two 
different descriptions of the same fact. 

The detailed shape of the resolution function can 
be determined both theoretically and experimentally 
by taking an ideal crystal as the sample and using 
the Bragg reflection of a reciprocal-lattice point Ghkl 
[IGhkll=21r/d(hkl), where d(hkl) is the lattice 
spacing of the (hkl) planes] for sampling the reso- 
lution. In principle, a small error is made using this 
procedure because convolution with the 8 function 
8(Q-Ghkl) would be necessary to obtain the reso- 
lution function directly [see (1)]. In our case the 
scattering function S(Q) itself has a Darwin width, 
which adds to the width of the measured resolution 
function. 

The intensity distribution I(AQx, AQy) can be 
calculated near a reciprocal-lattice point following 
the description given by Pinsker (1978) and as calcu- 
lated by Zaumseil & Winter (1982) in a similar way. 
Two successive convolutions (*) need to be per- 
formed to calculate I(AQx, AQy): 

I(AQx, AQy)=( CM * Cs) * CA 

= ~ ( CM * CA)S(Q) dQ. (4) 

Here the Ci represent the Bragg-reflection curves of 
the crystals and A Q = Q-Ghkt  is the deviation from 
the reciprocal-lattice point. Cs = S(Q) describes the 
scattering law of the investigated Bragg reflection and 
R = CM * CA is the resolution function [see (1)] of 
the diffractometer. For stronger departures from the 
exact Bragg position, the intensity reflected from a 
single crystal with a plane surface decreases as flQ~ 2. 
If AQx is smaller than the Darwin width of the reflec- 
tion, a reflectivity near 1 will be taken. In this approxi- 
mation, absorption effects are neglected. Calculated 
and measured results are shown below. 

3. Results 

Below we compare the calculations with experimental 
data. For this purpose we used TCDs with two types 
of perfect monochromator and analyser crystals. 
First, we used silicon 111 reflections for both crystals 
and, second, we performed the resolution experi- 
ments with germanium 111 and 311 reflections, 
respectively. The experimental set-up for both types 
of investigation is shown in Fig. 1. To measure the 
intensity distribution around a reciprocal-lattice point 
(i.e. the resolution) for different values of Qo, we took 
as samples S i l l l  (Bdigemann, Bloch, Press & 

Gerlach, 1990), GaAs004 (Bloch, Bahr, Olde, 
Briigemann & Press, 1990) and, in the range of small 
IQol, a thick amorphous germanium layer on silicon 
(Bloch, Briigemann & Press, 1989). 

As an X-ray source, Cu Kal  radiation from a rotat- 
ing-anode tube was used. The intrinsic line width 
AA/A was 4.8 x 10 -4 at a wavelength ofh  = 1.54056 A. 
The full Darwin width for the Si 111 reflection was 
taken as 33.6 i~rad, whereas it was 84.2 ixrad and 
39.2 lxrad for Ge 111 and 311. The experimental reso- 
lutions ~qx(IQol) and ~qy(IQol) were obtained by 
fitting Gaussians to the measured data. Then they are 
given as the FWHM of the fitted curves. The data 
collection was done by rotating the sample at fixed 
scattering angle (rocking curve). In reciprocal space 
this is a AQy scan at fixed AQx (for small AQy). A 
set of rocking curves yielded an intensity distribution 
around each reciprocal-lattice point. In this way a 
complete picture of the resolution ellipsoid was 
acquired. A cut through the intensity distribution 
parallel to Qx was used to determine 8qx(IOol), while 
~qy(IOol) was obtained by a cut perpendicular to Qx. 

In the way described above and using the thick 
amorphous germanium layer on an Si wafer (Bloch, 
Briigemann & Press, 1989), the resolutions ~q~(IQol) 
and 8qy(IQol) were determined near the angle of total 
external reflection (IQo1=0.0285/~,-1). Additional 
values for large IOol, here IO01 - 2.0038/~,-1 and IQol-- 
4.6277,~-1 (Si 111 and 004 reflection), also were 
measured. Fig. 2 shows the calculated (solid line) and 
measured (triangles and circles) values for ,~qx and 
8qy. We find an acceptable agreement between the 
calculations following Cowley's treatment and the 
measurements, especially in the case of a TCD with 
Si 111 crystals. Near IQol--0 there is less agreement, 
but the condition IAQI<< IQol is no longer fulfilled. 
For the asymmetric diffractometer configuration with 
Ge 111 and 311 crystals, the agreement is rather good. 
But in this case the matrix element M12 [see (2)] does 
not vanish, so that the calculated values for ~qx and 
~qy represent lower limits for the resolution. 

monoc hromator rcle goniometer 
set 

d~tector 

cm 

Fig. 1. Schematic drawing of the three-crystal diffractometers (plan 
view). In one case an Si(111) monochromator and analyser were 
used [symmetrical nondispersive Si(111)+-sample--Si(111)+ 
configuration]. The other configuration was an asymmetrical 
nondispersive set-up with Ge(111) monochromator and Ge(311) 
analyser. 
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As an example, Fig. 3 shows typical measured 
intensities in the vicinity of the Si 111 reciprocal- 
lattice point (IOol = IG,,,I = 2.0038 A - ' )  for the Si 111 
TCD parallel and perpendicular to G. Fits of a 
Gaussian show good agreement. For greater depar- 
tures from the exact Bragg position along zaQx a 
discrepancy between calculation and measurement 

2.0 2.0 

(a) q~ A ~ ¢ ~  1.5 - -  - 1.5 

6 
1.0 - - ( ~ L  ~ - 1.0 

t - - . .  . . . .  ~ ,  

L 

_ o 6q, _ 

0.5-10 _ _ t ~  1.0 

o.o o I I IA_,)I I 00 
o o ]Q 0l( 60 

Fig. 2. The calculated resolution (solid line) parallel (Sq,,) and 
perpendicular (Sqy) to Qo as a function of IQol for two types of 
three-crystal diffractometer. (a) represents the symmetrical 
silicon configuration and (b) represents the asymmetrical ger- 
manium configuration. The resolution values obtained by 
measurements are aFso plotted: circles correspond to •qy, 
triangles to 8q:,. 

becomes visible. The reason for this is the CTR 
(Robinson, 1986), which is badly reproduced by a 
Gaussian fit. 

In Fig. 4 the intensity distribution around the Si 111 
reflection for the nondispersive S i ( l l l )+ -S i ( l l l )  - -  
S i ( l l l )  ÷ configuration (see Fig. 1) is shown. This is 
a configuration ideally suited to high-resolution X-ray 
scattering experiments. The isointensity contours 
were measured by rotating the scattering vector Q 
transversely through the reciprocal lattice for several 
values of IQI. Fig. 4 is composed of 41 rocking curves. 
The expected star-like intensity distribution is demon- 
strated on a logarithmic scale. The intensity streak 
parallel to AQx with/tOy = 0 is caused by the surface 
of the sample truncating its crystal lattice (CTR) and 
the other two streaks are the CTRs of the perfect 
monochromator and analyser. Their reflections give 
rise to Darwin-shape-like intensity streaks perpen- 
dicular to ki and kf. Since the tilt angles of ki and kf 
are +(90 ° -  OBrasg) with respect to Q, the streaks of 
the monochromator and analyser appear with a tilt 
angle of + OBragg. If monolithic grooved crystals with 
multiple reflections are used, the CTRs of the mono- 
chromator and analyser streaks will be strongly sup- 
pressed (Iida & Kohra, 1979; Zaumseil & Winter, 
1982). 

Simultaneously with the star-like intensity distri- 
bution, the thermal diffuse scattering around the 
reciprocal-lattice point is visible but the intensity is 
several orders of magnitude weaker than that of the 
three streaks. 

To calculate the intensity distribution, we assumed 
CTRs for the monochromator and analyser Si 111 
reflections, the CTR of the Si 111 sample reflection 
along aQx and a AQy4-dependence of the intensity 
perpendicular to the CTR. For the region of total 
reflection the above-mentioned Darwin widths were 
used. The thermal diffuse scattering was neglected 

1.0 

c6 

0.0 
-1.2 

........ , , J  
I I I 

Aqx (10-3~ -' ) 

. . . . . . . . . . . .  j 

. . . . . . . .  l 
1.2 -3.0 

I I . . . . . . . . .  
0 3.0 

AQy ( IO- 'A- ' )  

Fig. 3. The measured (dots) and fitted (line) resolution parallel 
(left) and perpendicular (right) to Qo=Gt=l. The data were 
obtained with the three-crystal diffractometer using the sym- 
metrical nondispersive Si( l l l )+-Si( l l l ) - -Si( l l l )  ÷ configu- 
ration, zlQx and /tOy are the components of the deviations of 
the scattering vector Q from the reciprocal-lattice point Gttt. 

-4.0xlO -4 

--2oo-<o. 

4.0x10"-4 
-1.2x10-3 010 1.2xtO-a 

AQ, (A-') 

Fig. 4. The intensity distribution close to the silicon 111 reciprocal- 
lattice point obtained with the three-crystal diffractometer using 
silicon crystals. The lines represent I/Io = 0.5, 0.2, 0.1, 0.05,... 
with the maximum intensity I o. AQ,, and :tOy are the components 
of the deviations of the scattering vector Q from the reciprocal- 
lattice _point Gm parallel and perpendicular to the [111] and 
the [112] directions. (For further information see text.) 
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and the vertical resolution was treated as completely 
decoupled. 

Recognizing a different intensity decrease for the 
monochromator  and analyser streak, we considered 
a reflection profile of the monochromator slightly 
different from the ideal CTR. The modified reflectivity 
can be caused by the white X-ray beam to which the 
monochromator  crystal was exposed. This might 
result in a stronger oxidation (roughness) of the 
monochromator or it might cause defects in the sur- 
face region. We took this into account by allowing 
an exponent r-> 2 for A Q  -r  intensity decrease of the 
monochromator  CTR (see also Robinson, 1986). 

Fig. 5 shows the results of the calculation corres- 
ponding to the measurements shown in Fig. 4. Good 
agreement is achieved by using r = 2.2 for the above- 
mentioned intensity decrease of the monochromator  
reflection. 

Bearing in mind that this calculation is capable of 
simulating the resolution effects of a TCD in an 
intensity range of four orders of magnitude, we can 
also interpret data obtained very close to reciprocal- 
lattice points. This is very interesting with regard to 
investigations of artificial and natural lattices with 
periodicities both parallel and perpendicular to the 
surface of single crystals with lattice parameters in 
the region of 10/~ [Burandt, Komorek, Schnabel, 
Press & Boysen (1992): density modulation crosswise 
through the lattice; Tolan, K6nig, Briigemann, Press, 
Brinkop & Kotthaus, (1992): laterally structured sur- 
faces]. 

O)<lOr-4 

4.0xlO-' I ] 
-1.2.10-s 01.0 1 2xl0-a 

~Q~ (.~-') 

Fig. 5. The intensity distribution close to the silicon 111 reciprocal- 
lattice point calculated as described in the text. The lines rep- 
resent an intensity relation I/Io = 0.5, 0.2, 0.1, 0.05,... with the 
intensity Io at the reciprocal-lattice point. AQx and AQy are the 
components of the deviations of the scattering vector Q from 
the reciprocal-lattice point Grit. 

4. Concluding remarks 

The given comparison of measured and calculated 
resolution effects of three-crystal diffractometers 
using perfect crystals as monochromator and analyser 
shows very good agreement. This is valid for both 
investigated types of TCDs (symmetrical Si 111 and 
asymmetrical Ge 111 and 311 reflections, respec- 
tively). The agreement is reached both for the central 
part of the resolution function using an approach 
given by Cowley and the star-like resoution near a 
reciprocal-lattice point. The latter was calculated fol- 
lowing the dynamical description of the TCD sug- 
gested by Pinsker. 

The intensity distribution close to a reciprocal- 
lattice point shows the predicted star-like shape 
caused by the overlap of the diffraction by the perfect 
sample and the reflection curves of the perfect mono- 
chromator and analyser crystals. A difference in the 
reflectivity shape of the monochromator and analyser 
is identified as an intensity decrease due to oxidation 
effects or near-surface defects caused by the white 
X-ray beam the first crystal of a TCD is exposed to. 

This work was supported by the Bundes- 
ministerium ffir Forschung und Technologie under 
contract no. 05 401 AB12. The authors thank D. Bahr 
for helpful discussions. 
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